
GRAVITATION AND COSMOLOGY (1FA157)

Special Relativity and Tensor Manipulation

Pion observation

The half-life of the elementary particle called the pion is 2.5·10−8 s when the pion is at rest with
respect to the observer measuring its decay time. Show that pions moving at speed v = 0.999c
has a half-life of 5.6 ·10−7 s, as measured by an observer at rest.

Car-Garage Paradox

Consider a couple, Mark and Mina, that just bought a car of really small height and 20 f t length.
When they go home they realize that their garage is only 10ft long. In order to avoid the problem
Mina says that she can drive the car in the garage with speed u = 0.866c (which means that γ= 2
) so in the system of reference of the garage the car will be smaller and it will exactly fit. However
Mark disagrees, because in the system of reference of the car, the garage will be smaller and the
car will not fit at all.

1. Justify the two different opinions.
2. The door mechanism works as follows, when the car hits the wall of the garage, the door

closes automatically. What will happen if they decide to go through with the experiment?
Will the car be inside the garage when the door closes or not?

Three Observers

Three events, A,B ,C are seen by observer O to occur in the order ABC . Another observer, O ′,
sees the events to occur in the order C B A. Is it possible that a third observer sees the events in
the order AC B? Support your conclusion by drawing a spacetime diagram.

Tensor Game

This problem is a simple game. Identify which of the following equations could be valid tensor
equations; for the ones that cannot be, say why not. Here I mean tensors e.g. under the Lorentz
group (or maybe some more general transformations) where we must distinguish between co-
variant (lower) and contravariant (upper) indices.
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Tensor Manipulation

1. Let Aµν be a (0,2)-tensor and Bµ a (1,0)-tensor (a vector). Show that AµνBν is a covec-
tor/dual vector/one-form (i.e. transforms like a co-vector) and that AµνBµBν is a scalar.

2. Given the components of a (2,0) tensor Mαβ as the matrix

Mαβ =


0 1 0 0
1 −1 0 2
2 0 0 1
1 0 −2 0

 .

find:

(a) the components of the symmetric tensor M (αβ) and the antisymmetric tensor M [αβ];
(b) the components of Mα

β
;

(c) the components of Mα
β;

(d) the components of Mαβ.
(e) For the (1,1) tensor whose components are Mα

β
, does it make sense to speak of its

symmetric and antisymmetric parts? If so, define them. If not, say why.
(f) Raise an index of the metric tensor to prove ηα

β
= δα

β
.

Tensor Manipulation 2

For any 2 -tensor Tµν (in four dimensions) we define its symmetric and antisymmetric part
respectively,

T(µν) = 1

2

(
Tµν+Tνµ

)
, T[µν] = 1

2

(
Tµν−Tνµ

)
.

1. Is it true that for any tensor Tµν = T(µν) +T[µν] ? How many independent components do
T(µν) and T[µν] have?

2. If Sµν and Aµν are purely symmetric and antisymmetric 2 -tensors respectively, prove that
for a generic Tµν

TµνSµν = T(µν)S
µν, TµνAµν = T[µν] Aµν.

3. Now consider the case of an arbitrary 3 -tensor Tµνρ . How many independent compo-
nents does it have? Write explicitly the form of T(µνρ) and T[µνρ].

4. For an arbitrary 3-tensor Tµνρ is it true that Tµνρ = T(µνρ) +T[µνρ] ?
5. Suppose A is an antisymmetric (2,0) tensor, B a symmetric (0,2) tensor. Prove: AαβBαβ =

0.

Tensor Manipulation 4

Imagine we have a tensor X µν and a vector V µ, with components

X µν =


2 0 1 −1

−1 0 3 2
−1 1 0 0
−2 1 1 −2

 , V µ = (−1,2,0,−2).

Find the components of: X µ
ν , Xµ

ν, X (µν), X[µν], X λ
λ,V µVµ,VµX µν,VµX [µν]Vν.

Future sight

The energy- momentum tensor, T µν, is a symmetric (2,0) tensor. For something called a "per-
fect fluid" it has the form

T µν =


ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 , (1)
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in the rest frame of the fluid. Note that ρ is the energy density and p is the pressure.

1. Suppose that the fluid is at rest in the inertial frame S. Find T ′αβ in the frame S′, where S′

is moving with velocity u along the x-direction.
2. Find a relation p = p(ρ) such that T µν is the same in any inertial frame.

Challenge Problem (Carroll 1.11.2)

Imagine that space (not spacetime) is actually a finite box, or in more sophisticated terms, a
three-torus, of size L. By this we mean that there is a coordinate system xµ = (t , x, y, z) such that
every point with coordinates (t , x, v, z) is identified with every point with coordinates (t , x +
L, y, z), (t , x, y+L, z), and (t , x, y, z+L). Note that the time coordinate is the same. Now consider
two observers; observer A is at rest in this coordinate system (constant spatial coordinates),
while observer B moves in the x-direction with constant velocity v . A and B begin at the same
event, and while A remains still, B moves once around the universe and comes back to intersect
the worldline of A without ever having to accelerate (since the universe is periodic). What are
the relative proper times experienced in this interval by A and B? Is this consistent with your
understanding of Lorentz invariance?
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GRAVITATION AND COSMOLOGY (1FA157)

Metrics and Physics

Gravitational Time Dilation

Bob is at home on the surface of the Earth (radius RE ) and Alice is in a circular orbit of radius
R. Assume that the gravitational field is weak and can be approximated by the following line
element:

d s2 =−(1+2φ(x))d t 2 + (1−2φ(x))d x2,

where φ(x) is the Newtonian potential. Given a time interval ∆t compute the elapsed proper
time for both Bob and Alice, and show that they are equal for R = 3

2 RE .

Rocket Passanger

Study a rocket passenger who feels "gravity" because he is being accelerated in flat spacetime.

1. Describe the 4 -velocity and 4 -acceleration.
2. Using the above describe his motion relative to an inertial reference frame. Consider, for

simplicity, an observer who feels always a constant acceleration g and everything lives in
two dimensions.

Some coordinate transformations

Consider R3 as a manifold with the flat Euclidean metric and coordinates (x, y, z). Introduce
cylindrical coordinates (r,θ, z), related to (x, y, z) by

x = r cosθ,

y = r sinθ.

1. find the coordinate transformation matrix ∂xµ/∂xµ
′

between (x, y, z) and (r,θ, z)
2. find the expression for the line element d s2 in the new coordinate system
3. a particle moves along a parameterized curve given by

x(λ) = cosλ, y(λ) = sinλ, z(λ) =λ

Express the path of the curve in the (r,θ, z) system.
4. calculate the components of the tangent vector to the curve in both the Cartesian and

cylindrical coordinate systems.
5. consider the vectors fields V = x∂y − y∂x + ∂z and W = ∂y . Compute their Lie bracket

commutator.

Tensor coordinate transformation

Consider a (0,2) tensor on a two-dimensional manifold, whose components in a coordinate
system (x, y) read

Sµν =
(

1 a
0 x2

)
.
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Now consider new coordinates

x ′ = 2x

y
, y ′ = y

2
.

What are the components of S in the new coordinate system?

Consider a general vector Aµ. Does ∂νAµ transform like a (1,1)-tensor?

Free particle action

Consider the action of a free particle

S =
∫

dλ
(
−m

√
−gµν(x)ẋµẋν

)
, ẋµ = d xµ

dλ
.

Suppose we reparametrize the worldline according to λ→ s(λ). Use the chain rule to show that
this change of parametrization preserves S. Find the equations of motion by varying the action.

Geodesic equation

Compute the timelike geodesics for the following metric:

d s2 = t−2 (−d t 2 +d x2) .

(Hint: use the symmetries of the Lagrangian and recall we only need to work out x(t ).)

Free particle on the sphere

Imagine a particle with mass m that is forced to move on a 2-dimensional sphere of radius R.
The particle is moving on the sphere with no additional forces acting on it. (The problem can
be a simplified model of the physical system of a pendulum on a ball joint.)

1. Write down the Lagrangian of the system, the metric and the infinitesimal line element.
2. Find the Christoffel symbols and the equation of motion for the particle.

Geodesic on a disk

The spatial part of the metric of a rotating disk is given by

d s2 = dr 2 + r 2

1− r 2ω2 dθ2.

Figure 1: A geodesic on a rotating disk.
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1. Write down the geodesic equations.
2. Consider the second-order equation for θ(s). Show that the integral of motion of the

equation is
dθ

d s
= α

r 2

(
1− r 2ω2) ,

where α is a constant of integration. Assuming L = 1, show that

dr

d s
=±

√
β− α2

r 2 ,

where β is a constant to be determined. Finally conclude that

dr

dθ
=±

r 2
√

1+α2ω2 − α2

r 2

α
(
1− r 2ω2

) .

By integrating this expression we can in principle solve for r (θ).
3. Consider a geodesic passing through (r0,0) and having dr

d s = 0. Express α in terms of r0.
4. Find the geodesic corresponding to α= 0.
5. Show that the geodesics always cross the boundary r? = 1

ω at a right angle (A = (r?,0)).
6. Find the angle φ between two geodesics which go through the same point, expressed in

terms of α1,α2,ω and the r -coordinate at the point where they meet.

Expanding Universe

The metric for an expanding universe (the so-called Friedman-Robertson-Walker metric) is
given by

d s2 =−d t 2 +a2(t )δi j d xi d x j .

1. supposing that a(t ) is given, find the geodesics.
2. find the solution for a null geodesic, assuming for simplicity that y, z = const.

Challenge Problem

Consider a charged particle sitting on the surface of the Earth. According to the equivalence
principle, it should behave in the same way as a particle accelerating in outer space. Does this
mean it emits radiation? (Hint: this is a famous problem known as the ’Paradox of a charge in a
gravitational field’. You are encouraged to read up on it in the literature!)
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GRAVITATION AND COSMOLOGY (1FA157)

Riemman Curvature and Einstein Equations

Riemann Tensor Identities

1. Prove the following identities for the Riemann Tensor associated to the Levi Civita con-
nection (Hint: you should use normal coordinates):

(a) Rµνρσ = Rρσµν,
(b) Rµνρσ =−Rµνσρ ,
(c) Rµ[νρσ] = 0,
(d) Rµν[ρσ;τ] = 0.

2. Use (d) to prove the contracted Bianchi identity: ∇aGab = 0.

Riemman Tensor Properties and Symmetries

Using the symmetries of the Riemann Tensor Rµνρσ ((a)-(c) of previous exercise) compute the
number of independent components in 2,3 and 4 dimensions. Try to extend this to general
dimensions D.

Some Bianchi identities

Show that for a given antisymmetric tensor Aµν the following relation holds

∇[µAνλ] = ∂[µAνλ]. (1)

Symmetries of Riemann tensor

Consider a Riemann tensor of the form

Rµνσκ =λ
(
gµσgνκ− gµκgνσ

)
. (2)

1. Show that this expression have the proper symmetries.
2. Find the Ricci tensor, Ricci scalar and Einstein tensor.
3. Show that the Einstein tensor satisfies the Bianchi identity.

Curvature in 2 dimensions

In 2 dimensions, there is only one independent component of the curvature tensor, say R1212

( this one component is equivalent to the Gauss curvature of a 2 -surface). As a consequence,
there must be a simple relation between R1212 and the scalar curvature.

1. Using the definition for Ricci scalar, the antisymmetry of the Riemann tensor in its first
and second pair of indecies, and the fact that in two dimension the inverse metric is
explicitly given by

gαβ = 1

g11g22 − g12g21

(
g22 −g12

−g21 g11

)
. (3)

Show that the Riemann tensor and the Ricci scalar are related by

R = 2

g11g22 − g12g21
R1212 (4)

2. Calculate the scalar curvature of the metric d s2 = d x2 +e2x d y2.
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Curvature in 2+1 dimensions

By counting the number of independent components of the Riemann tensor, show that the
Einstein equations in the empty space imply Rµνρλ = 0 in 2+1 dimensions.

Curvature in 3+1 dimensions

Consider the space-time metric

d s2 =−d t 2 +d z2 + f 2(z)
(
dr 2 + r 2dθ2) . (5)

where β is a constant.

1. Find the nonzero Christoffel symbols for this metric.
2. Find the nonzero components of the Riemann tensor.
3. Find the Ricci tensor, Ricci scalar.

More Riemmanian Computations

Consider the metric
d s2 = (−d t 2 +d x2 +d y2)e2βz +d z2. (6)

1. Find the Christoffel symbols.
2. Find the Riemann tensor.
3. Find the Ricci tensor and scalar.
4. Find the Einstein tensor.

Curvature inside a Compact Space

Conifolds are 6D important manifolds in several research lines within theoretical physics. Their
base is called T1,1 and it is a 5D compact space (five angles that start at ρ = 0 (the tip of the coni-
fold) and grows up in volume towards ρ→∞ ). In order to practice how to compute Riemanns
and Riccis, we do not need to know about its features, but just to look at its metric, that looks
like:

d s2
6 = κ−1(ρ)dρ2 + 1

9
κ(ρ)ρ2e2

ψ+ 1

6
ρ2

(
e2
θ1
+e2

φ1

)
+ 1

6

(
ρ2 +6a2)(e2

θ2
+e2

φ2

)
, (7)

Where:

eψ = dψ+
2∑

i=1
cosθi dφi , eθi = dθi , eφi = sinθi dφi , i = 1,2, (8)

and

κ(ρ) ≡ ρ2 +9a2

ρ2 +6a2 a εR. (9)

With plenty of patience, time and a good coffee (and/or beer) by your side, do:

1. Obtain gµν when ρ→ 0 and ρ→∞.
2. Compute its Christoffel symbols.
3. Calculate non-zero Riemann tensors, Ricci and Ricci scalar.

Tip: This could be a nice chance for you to use your coding skills and code some lines to compute
this for you.
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Normal Vectors in Minkowski Spacetime

In this exercise we will study more in detail normal vectors to hypersurfaces in flat spacetime.
In particular, we consider the Minkowski metric in (t ,r,θ,φ) coordinates:

d s2 =−d t 2 +dr 2 + r 2dθ2 + r 2 sin2θdφ2. (10)

In the rest of the exercise, we will study the hypersurface r = const.

1. Find the normal vector to the hypersurface in (t ,r,θ,φ) coordinates, and give a basis for
the tangent vectors.

2. Define new coordinates v̂ = t + r, r̂ = r and repeat the analysis. Is the radial coordinate
still the same?

Killing Vectors

Find a complete set of Killing vector fields for the following spaces:

1. Minkowski space with metric

d s2 =−d t 2 +d x2 +d y2 +d z2. (11)

How many Killing vectors are there? Provide their physical interpretation.
2. Rindler space with metric

d s2 =−r 2d t 2 +dr 2 (12)

Parallel Transport

Consider the 2 -sphere with the usual round metric d s2 = dθ2 + sin2θdφ2. Consider a point
p on the equator and a vector Xp pointing in the θ direction. Parallel transport the vector an
angle φ0 in the φ direction, then up to the North Pole, then back to p. Denote the new vector at
p as X ′

p . What is the angle between Xp and X ′
p ?

Conformal transformations

A conformal transformation of a space-time is one where the metric gµν of an original space-
time is transformed into the metric g̃µν of a new space-time such that the two metrics are re-
lated as follows

g̃µν =Ω2(x)gµν, (13)

whereΩ is a function of the space-time coordinates xµ.

1. Suppose in the old space-time one has a solution to the source-free Maxwell’s equations

∇µFµν = 0 and ∇[µFνλ] = 0, (14)

with F being the antisymmetric field strength tensor. Show that Fµν is also a solution to
these equations in the new space-time with metric g̃µν.

2. The metric of a κ= 0 Robertson-Walker space-time is sometimes written as

d s2 =−d t 2 +a2(t )
(
d x2 +d y2 +d z2) . (15)

Show that this space-time is conformal to Minkowski space-time.
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Covariant derivative for Physicists

1. Consider a general co-vectorων. Does ∂µων transform like a (0,2) tensor? We will try to fix
this problem by introducing a new "derivative" which transforms like a tensor. Consider
the Christoffel symbols

Γλµν =
1

2
gλκ

(
∂µgκν+∂νgκµ−∂κgµν

)
. (16)

2. Use the tensorial behavior of the metric under a coordinate transformation to show that
the Christoffel symbols transform as

Γ
µ′

ν′λ′ = Γµνλ
∂xµ

′

∂xµ
∂xν

∂xν′
∂xλ

∂xλ′ +
∂xµ

′

∂xµ
∂2xµ

∂xν′∂xλ′ . (17)

3. Consider now a "derivative" of the form

∇µων = ∂µων−Γρµνωρ . (18)

Does it transform like a tensor?

Covariant derivative for Mathematicians

A covariant derivative ∇ is a map sending a vector field X and a (p, q) tensor T to another (p, q)
tensor ∇X T , which has the interpretation of "derivative" of T along the curve defined by X .
In other words, ∇T is a (p, q + 1) tensor such that ∇T (X , . . .) = ∇X T (. . .). Suppose we have a
coordinate basis

{
eµ

}
for vectors and

{
θν

}
for 1-forms. Using the properties of ∇ prove that:

1. ∇µX ν = ∂µX ν+ΓνρµX ρ ,

2. ∇µην = ∂µην − Γρνµηρ . Note that by definition ∇eµeν = Γρνµeρ ,∇µX ν = ∇X
(
eµ,θν

)
and

∇µην =∇η(
eµ,eν

)
. Use the results (1) and (2) to find ∇µTα1...αpβ1 . . .βq for a general (p, q)

tensor T .

Geodesic Deviation

Consider a family of geodesics forming a two-dimensional surface in spacetime. We can as-
sign coordinates (t , s) such that T = ∂t is geodesic, and S = ∂s . Hence we have a geodesic
for each value of s. Note that [T,S] = 0. We are interested in the behaviour of neighbouring
geodesics, e.g. whether they will move away or towards each other. At some value of t we
have xµ(t , s+δs) = xµ(t , s)+δsSµ hence δsSµ is the relative position vector between two neigh-
bouring geodesics. We can consider ∇T ∇T S, a kind of relative acceleration. Show that for a
torsion-free connection:

T a∇a

(
T b∇bSc

)
= Rcd abT aT d Sb . (19)

This is known as the geodesic deviation equation. (Recall that the torsion tensor is defined
by T (X ,Y ) = ∇X Y −∇Y X − [X ,Y ] and the Riemann tensor by R(X ,Y )Z = ∇X ∇Y Z −∇Y ∇X Z−
∇[X ,Y ]Z

)
Challenge Problem

Let ∇ be the covariant derivative associated with a connection that is not torsion free. Let
T (X ,Y ) = ∇X Y −∇Y X − [X ,Y ] where X and Y are vector fields. Show that this defines a (1,2)
tensor field T . This is called the torsion tensor. Find its components Tµν in a coordinate basis.
Show that 2∇[a∇b] f =−T c

ab∇c f , where f is any function.
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Challenge Problem (Bis)

In a spacetime of n dimensions define a tensor

Cabcd = Rabcd +α(
Rac gbd +Rbd gac −Rad gbc −Rbc gad

)+βR
(
gac gbd − gad gbc

)
, (20)

where α and β are constants. Show that Cabcd has the same symmetries as Rabcd . How do the
coefficients α and β have to be chosen to set C a

bad = 0 ? With this extra condition, Cabcd is
called the Weyl tensor. Show that it vanishes if n = 2,3. Setting n = 4, how many independent
components do Rab and Cabcd have? What does the Weyl curvature represent physically? Show
that in vacuum

∇aCabcd = 0. (21)
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GRAVITATION AND COSMOLOGY (1FA157)

Black holes

Schwarzchild Geometry

Consider a massive particle following a geodesic in the Schwarzchild geometry.

1. Find equations for ṫ and φ̇, up to integration constants.
2. Find an expression for ṙ using the previous results (assume sinθ = 1 and θ̇ = 0 ).
3. Find values of r for which the orbits are circular.

Clocks orbiting Black holes

Suppose we have a clock in a circular orbit around a spherically symmetric object of mass M at
radius R.

1. What is the time dilation of the clock as seen by a fixed observer at the same radius R ?
2. What is the time dilation of the clock as seen by a fixed observer at infinity?

Deriving the Reissner-Nordström black hole line invariant

Before we dive into computing some orbits for this type of black hole, let us derive the explicit
form of its metric. We can start with the following Ansatz:

d s2 =−A(t ,r )d t 2 +B(t ,r )dr 2 + r 2dΩ2
2, (1)

where dΩ2
2 is the usual two sphere volume and A,B some functions depending on t and r . As

we may recall from the lectures, this type of black holes also have an associated charge Q. If
there is a charge around, there must be an associated electric field E around, which means
that we have an electric energy density in the RHS of Einstein equations. The electromagnetic
stress-energy tensor reads as:

Tαβ =
(

1

4
gαβFµνFµν− gβνFαµFνµ

)
. (2)

Recall that Fµν is the field strength of the vector field Aµ. In order to keep things simple, let us
assume the presence of only an electric field in the radial direction, which translates to:

Fαβ =


0 Er 0 0

−Er 0 0 0
0 0 0 0
0 0 0 0

 . (3)

Making good use the source-free Maxwell equations i.e.

∇β Fαβ = 0,

Fαβ;γ+Fβγ;α+Fγα;β = 0,
(4)

Solve Einstein equations such that you find explicit expressions for A,B . The final result is the
line invariant given in the next exercise.
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Reissner-Nordström black hole

Consider the Reissner-Nordström black hole. The metric is

d s2 =−
(
1− m

r
+ Q2

r 2

)1

d t 2 +
(
1− m

r
+ Q2

r 2

)−1

dr 2 + r 2dθ2 + r 2 sin2θdφ2.

1. Make extremal, i.e. compute the requirement(s) to have the minimal value for the hori-
zon.

2. What are the (obvious) conserved quantities?
3. In terms of these, what are the radii of stable and unstable orbits for massive uncharged

particles?
4. Find the radii for a photon to have a circular orbit around this black hole. Choose to work

with sinθ = 1.

Extremal charged black hole

Consider the extremal Reissner-Nordström (RN) black hole. Starting from the general RN solu-
tion, show the metric reduces to

d s2 =−
(
1− M

r

)2

d t 2 +
(
1− M

r

)−2

dr 2 + r 2dΩ2

in units where G = 1.

1. This solution is valid for r > M . By defining Eddington-Finkelstein coordinates argue that
this is a coordinate singularity and recover the usual black hole and white hole regions.

2. By considering the proper length of a radial curve from r = r0 to r = M at constant (t ,θ,φ),
show that it is infinite. This is known as the infinite throat of the extremal RN solution. Is
this present in the Schwarzschild solution?

3. Look up the conformal diagram of this solution and comment on it.

Conserved charges

After understanding the definition of mass, charge and angular momentum, show that the pa-
rameter M in the line element of the Schwarzschild black hole is indeed the mass.

Deflection of light

Consider a null geodesic incident from infinity on a Schwarzschild black hole. Let E and h de-
note the conserved quantities associated with the timelike Killing field and the angular Killing
field ∂/∂φ.

1. Show that the maximum value for the impact parameter b ≡ |h/E | for which the geodesic
falls into the black hole is bmax = 3

p
3M (Hint: recall that photon circular orbits occur at

r = 3M ).
2. Determine the geometrical interpretation of the impact parameter (Hint: consider the

m → 0 limit).

Challenge Problem: Einstein-Rosen Bridge

Consider the Schwarzschild solution in (t ,r,θ,φ) coordinates.

1. Define ρ via r = ρ+M + M 2

4ρ (work with G = 1 ). For each value of r you should find two
solutions: pick greater values of ρ for region I of the Kruskal diagram, and smaller values
for region IV.
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2. Calculate d s2 in (t ,ρ,θ,φ) coordinates.
3. Show that on surfaces of constant t the metric has the topology ofR×S2, where the proper

radius of S2 is r .
4. Considering θ = π

2 , draw a diagram of the resultant R×S1 subsurface that connects re-
gions I and IV.
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GRAVITATION AND COSMOLOGY (1FA157)

Gravitational Waves

Gravitational waves from binary

Consider two black holes of equal mass M rotating around each other on a circular orbit of
radius R. This system generates gravitational waves, given by

h̄i j = 2G

r

d 2Ii j (t − r )

d t 2 , (1)

where Ii j is the quadrupole momentum tensor

I i j (t ) =
∫

d 3 y y i y j T 00(t , y⃗). (2)

y i are spatial Cartesian coordinates on flat space, hµν is a perturbation about flat space, h̄µν =
hµν− 1

2 hηµν and we are going to work in the gauge ∂µh̄µν = 0.

1. Use Newtonian mechanics to find the angular velocityΩ of the stars as a function of M ,R.
2. Compute Ii j for the above binary system, where the stress-energy tensor T 00(t , y⃗) is sim-

ply given by a product of delta functions at the instantaneous location of the stars.
3. Compute all components of h̄i j for this system in the given gauge.
4. By going to transverse traceless gauge along the z-axis, compute the metric perturbation

hT T
i j and find frequency, amplitude and polarisation of gravitational waves.

5. Find the total power radiated by gravitational waves (Recall: P =−G
5

〈
∂3

t Qi j∂
3
t Q i j

〉
where

Qi j = Ii j − 1
3δi j Ikk

)
.

Time to Merger

Starting from the previous exercise, we will now assume that R = R(t ). Since the system is
emitting gravitational radiation, it is losing energy and as a consequence the orbit is shrinking.
At some point, the black holes will collide and merge. In this exercise, we will compute the
time it takes for that to happen, starting at an initial separation R(t = 0) = R0. We work in the
Newtonian approximation.

1. Compute the total energy E of the binary system, by adding kinetic and gravitational
potential energy.

2. By imposing dE
d t = P , where P is as found in exercise 1 , solve for R(t ).

3. Using the solution above and assuming R(T ) = 0, show that:

T = 5R4
0

32(GM)3 . (3)

4. Suppose M ≃ 30M⊙. What is T if R0 = 1AU? And what is R0 if T = 1 year?

1



Challenge Problem: Gravitational Wave Detection

Consider a freely falling observer with four-velocity uµ. In flat space, uµ = (1,0,0,0) and the
(x, y, z) axes do not vary with time. The curved spacetime equivalent of this is the so-called
parallely-transported frame. We can define orthonormal axes eµi that obey ∇uei = 0. Also note
that u is geodesic, i.e. ∇uu = 0. The "physical distances" measured by the observer will be
measured with respect to such a frame.

1. By contracting ec
i with the geodesic deviation equation, find an expression for the relative

acceleration between geodesics as measured by a freely falling observer.
2. At leading order we can consider uµ = (1,0,0,0),eµ1 = (0,1,0,0) etc. In this case (which is

only an approximation!) there is no difference between the indices i and µ. Show that
the above equation reduces to

d 2Sµ
dτ2 ≃ Rµ00νSν. (4)

3. Consider the following plane wave solution:

hµν = Re
(
Hµνe iω(z−t )

)
,

Hµν =


0 0 0 0
0 H+ 0 0
0 0 −H+ 0
0 0 0 0

 .

(5)

Find explicit solutions for S1(τ) and S2(τ). Give an interpretation of your results. (Hint:
the linearised Riemann tensor is given by Rµνρσ = 1

2

(
hµσ,νρ+hνρ,µσ−hνσ,µρ −hµρ,νσ

)
)
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GRAVITATION AND COSMOLOGY (1FA157)

Cosmology

To Quasars and beyond

Quasars are extremely luminous galaxies with energy fed by a supermassive black hole at their
center. Since they are so luminous, they can be seen over very large redshifts. Assume that a
quasar has been seen at Z = 6. For this problem, assume that we are in a matter dominated
universe at critical density. Assume that the Hubble constant today is H0 = 70 km/s/Mpsc.

1. Find the age of the universe when the quasar emitted the light that we observe today.
2. Find the proper distance to this quasar.

Redshift

It is sometimes convenient to give the past Hubble constant as a function of Z , H(Z ). This
means that H(Z ) is the Hubble constant at the time when the light was emitted that today have
been redshifted with a factor Z. Suppose todays Hubble constant is H0.

1. Find H(Z ) for a matter dominated universe.
2. Find H(Z ) for a vacuum dominated universe, for flat universe.
3. For a general H(Z ) find the deceleration parameter q in terms of Z , H(Z ) and H ′(Z ).

Flat expanding universe

Consider a flat, k = 0, expanding universe, with constant deceleration parameter q .

1. Find a relation between q and the equation of state parameter w .
2. Find the Hubble constant as a function of the scale factor a, q , the Hubble constant today,

H0, and the scale factor today a0.
3. Find the proper distance D = a0r to a source in terms of the redshift factor Z , H0 and q .

Matter domination

Assuming that today ρm = ρcrit and ρr = 5× 10−14 J/m3, find the age of the universe when it
crossed over from radiation domination to matter domination. Today’s Hubble constant can
be assumed to be H0 = 70 km/s/Mpsc.

Quintessence Element

Assume our present day universe has a Hubble constant H0 and a matter components with
energy density given by the critical density. Let us further assume that there is another sub-
stance in the universe called "quintessence" with energy density ρq > 0 and equation of state
parameter w =−1/3.

1. Determine whether the universe is open or closed.
2. Determine the evolution of the universe. Will it keep on expanding?

1



Big Bounce, Big Rip, No Big Bang and Maybe Big Mac

Determine the motion1 and fate of the following universes that contain matter and cosmolog-
ical constant.

1. (ΩM ,ΩΛ) = (0.3, 0.7),
2. (ΩM ,ΩΛ) = (3, 0.1),
3. (ΩM ,ΩΛ) = (0.3, 2).

Boring Universe

Compute the luminosity distance, angular distance and the age (as a function of H0) in an
empty Universe, withΩi = 0.

Universal Merry Go Round

1. Determine the maximum value of the comoving distance that a photon can travel from
the Big Bang to the collapse moment in an Universe with matter domination and posi-
tive curvature k. How many periods is the photon able to perform before the Universe
collapses?

2. Compute exactly the same, but consider now an Universe with radiation domination.

Chapters of Universe chronology

1. Consider a flat Universe with matter and cosmological constant Λ. Determine the red-
shift value z when the accelerated expansion started.

2. Specify for the caseΩM =ΩΛ and compare both cases.

1classical.

2



QUASARS AND BEYOND .

7=6 ; ASSUME IM Domination AT CRITICAL
.

① tension ?

RECALL THAT FROM FRIEDMANN AND PM DOMINATING + PM - fait

¥2 = 8¥ Ptot - Kal

L

ftot = fueatter -1 freed ; But As pue= for't ⇒

I'm -21 → In ◦ AND KE0 .

-

a.
[ =/ 811pm . ¥3
a. = %ˢ -11%-4, .az

a. = Hota ⇒ [Fada =/ Hodt ⇒
do to tlto

"

213
⇒ § a

""
× Hot ⇒ alt) = do (I④t )



So I -1 I =& ⇒

aeueis

213
E- (3¥ ) - I ⇒ t= (1+7)-312 2-

3140

8
t = 5.1° YEARS OLD WHEN EMITTED .

2 YOU CAN FIND A FORMULA TO COMPUTE PROPER DISTANCES

IN
"

FLAT EXPANDING
' '

UNIVERSE
. This is :

D= -14¥. _ ' ) . I

9-40

"

9-
"

is THE DECELERATION PARAMETER AS
. ( SAME PROBLEM) !

9- = 112 ( I -13W ) ; FOR MATTER w=0

so D= £-11 - µ÷,µ)
≤ 18 Parsecs ?

A parsec
=-3

,
I in



REDSHIFT

WE WANT TO EXPRESS H as H ≥ HE ) RECOIL !

① = ' A.
TODAY

≤ 1 ;
9°

act
=
1+-24)*

I RECALL i FOR A MATTER DOMINATED UNIVERSE , ONE FINDS !

3- (÷j"
3

alt ) = a- (¥-1
"

:
so * = { =

Tt}

⇒ . ÷::i
"

\
3 / <

= Hold + 2-§
"

"
no

② REPEAT FOR k=o WITH fn .
⇒ µ = fox ⇐ CONSTANT .

so H = § = a÷ =
Ho ALWAYS SAME EXPANSION RATE .

3 WRITE 9- AS 9- (E) HEL ) , Litt )



⇒ REAL 9- = - aaa÷
FIRST THING IS TO WONDER IF WE CAN EXPRESS a{÷ AS

A DERIVATIVE : TRY :

⇒ ¥1:-) = É =

a2

= ;÷ -

I =

this is

= - - I = RHS

V

dt Hlf ) = CHAIN RULE .%-)

4¥ ↳ "⇒ I
=

.

"

" ( ÷, -% :& = _É≈É
1- H' te ) ÷ .%H4E )

w w
- Ht) (1+7)

ALL TOGETHER =) H↓¥÷ (1+7)
- I = of

✓



FLAT EXPANDING UNIVERSE

K :O

_

%

IT is EXPANDING W/ DECELERATION
"

9-
"

,

1 WE HAVE TO RELATE 9 WITH W Shot THAT 9- ≤ Ftw) .

WHAT DO WE KNOW ? FRIEDMANN + EQ STATE

.
+ ⇐ = %ptot a) •

p=wp 4)

• 2¥ + fÉ )
'

-11-2=-81>Gp (2)

(3)
• f- A. a- 34

-1W )

43,13 ) ⇒ K=o → € } = 8¥ A aw,
"

Ñ
2¥ = - 8nGwf

- 8µA a÷w, ⇒ .



p

2¥ =

- JM6-3IA a-
""↳ zwl - 9¥ A a-

" "w)

= - I a- ""
w)
( I -13W

.)

IF MULTIPLY By -9€ IWUERSE OF

✓ A' a- 31MW)- 311-1W)
⇒ -2dg =

A- a (t+3w ) .

a
≥

a.
2 £
W
-

31kW)

g- = 112 A- a-
"""

( e+sw) A-
"

a

g. = % It -13W ) ✓

2 H ≥ H / aiq , no , ao )

WE know H= ÷ = %ˢp

=/ A- a }
"

⇒ But 29-1 - w
-

3

Fi Fala" '⇒ H=
-aµ

i But 1- =

tag
⇒ H=ko£j⇒



3 PROPER DISTANCE ? D= D (2-140,9)

Recall D= aor = ao§dr
How DO WE RELATE /dr with 7 AND 9 ? TRICK !

WE START FROM 0152--0 = -dt4a2(dr2- . - n )

⇒ dt = adr = aodt = 9° dr
a-

aod-tda-a-daa-o.de
= 90 dr

aoi
✓

*⇒ da = aodr

But ↳ = Ho /%) "9 .

{
0135

Also ⇒ aja da =) - dle -1-2 ) (RECALL 1+7=905 )
← emit

aeuit

⇒ aodr = _dle-
↳ (1+2)exq

⇒ so



D= -1-1;d£ ^

( 1+72>
"9-

⇒ q¥(µ¥g - 1) =D
✓



MATTER DOMINATION

• ASSUME fn = fait . AND fr= for

twain Pr Ifn .

ASSUME too = Ho .

This TYPE
OF PROBLEMS ARE EASIER STARTING FROM

ENERGY CONSERVATION :

RECALL : ¥ =
-34 -1W) ¥

⇒ it / =p, /1¥ )
- ""w )

MDTTER w=o ⇒ fault) = You ) }

RAD W --113 frit) - for (9%-2)
"

sofa . -.ferit=?;÷a ⇒ I:&, )ˢ=%÷.

when fact) - frlt ) = , (%¥)" for ≥ Paita:-))
}



⑤

act,
⇒ alt) = for/ port;÷= alo)=t

YES , BUT WHEN, Not HOW BIG . . -
RECALL THAT FRIEDMANN

ER GIVE A RELATION BTW SCALE FACTOR AND t
.
IN FACT

.

¥2 = 8¥ Ptot - Kate

ftot = fueatter -1 freed ; But As pue= for't ⇒

I'm ≥ 1 → In ◦ AND KE0 .

Ee
-

[ =/ 8¥ .fm .3
a. = %ˢ -11%-4, .az

attends ) 1-cross

a. = Ho £ ⇒ / Tada =/ Hodt ⇒
ao to

⇒ 3- a
""

× Hot ⇒ alt) -⇐ not )"3④



⑤=④

t = :( %÷ }
"

= :( :[ G)
""

= toss
✓



QUINTESSENCE ELEMENT
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